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CORRIGENDUM AND ADDENDUM TO: EQUIDISTRIBUTION OF EISENSTEIN
SERIES IN THE LEVEL ASPECT
IKUYA KANEKO AND SHIN-YA KOYAMA
Abstract. The second author formulated quantum unique ergodicity for Eisenstein series in the prime level
aspect in “Equidistribution of Eisenstein series in the level aspect”, Comm. Math. Phys. 289, no. 3,
1131–1150 (2009). We point out major errors and propose ideas to correct particular parts of the proofs with
partially weakened claims.
We shortly indulge in retrospection on variations of the quantum unique ergodicity (QUE) conjecture
put fourth by Rudnick and Sarnak [RS94]. Luo and Sarnak [LS95] established the arithmetic QUE for the
continuous spectrum spanned by Eisenstein series on SL2(Z)\H. QUE in the level aspect was spelled out by
Kowalski, Michel and VanderKam [KMV02] for holomorphic cusp forms: they conjectured that the masses of
newforms of fixed weight with large level q are equidistributed amongst the fibers of the canonical projection
Y0(q) → Y0(1) with Y0(q) = Γ0(q)\H the modular curve. Nelson et al. [Nel11, NPS14] have affirmatively
answered their conjecture by following the strategy of Holowinsky and Soundararajan [HS10]. These types
of variations intersect at second author’s work [Koy09], where QUE in the prime level aspect for Eisenstein
series was focused.
In the introduction, the term of the quantum ergodicity has incorrectly used, and it refers to the equidis-
tribution for a density one subsequence of eigenfunctions of the Laplacian within the unit cotangent bundle
in the large eigenvalue limit. We wanted to generally mean QUE in configuration space. Moreover the coef-
ficient in the right hand side of the first display on p.1132 should be 6/pi in the light of Stade’s formula on
GL(2); for a correct statement, see [HR92, Eq. (7.9)] or [Spi03, Eq. (1.1)]. That is, one has∫
SL2(Z)\H
φ(z)|E(z, 1/2 + it)|2 dxdy
y2
=
3
pi
log(1/4 + t2)
∫
SL2(Z)\H
φ(z)
dxdy
y2
+ o(log t) (0.1)
as t→∞ for a fixed smooth and compactly supported function φ : SL2(Z)\H → R (cf. [You16] for a full main
term with a power saving error term for (0.1)). As a fatal matter, almost all the theorems and propositions
should significantly be modified, since the claimed results are stronger than what is justified. In particular,
we could no longer rely upon the Luo-Sarnak method when the level is varying. By gathering together various
modifications described below, we see the correct version of Theorem 1.3 should morally be as follows:
Theorem 1.3. Let q be a prime or q = 1, and let t to be a fixed real number. We denote by piq : Y0(q)→ Y0(1)
the canonical projection with which fix a map ιq = ι such that piq ◦ ι = id for each q. For any fixed
compact Jordan measurable subsets A,B ⊂ Y0(1) having positive measure and for an arbitrary sequence
in {(ιq, κ(q)) | piq ◦ ιq = id, κ(q) = 0, i∞ for each q}, we have
lim
q→∞
∫
A
|Eq,κ(q)(ιz, 1/2 + it)|2dµ∫
B |Eq,κ(q)(ιz, 1/2 + it)|2dµ
=
vol(A)
vol(B)
,
with respect to the Poincare´ measure dµ = y−2dxdy on the modular curve Y0(1).
It should be mentioned that the assumption on q could be weakened with more work, but at the very
least we have to treat finitely many more cusps. The main issue in the original theorem was that the objects
Aq are too thin and the error terms that appeared in Propositions 1.4 and 1.5 are not provably smaller
than the principal terms. It was also forgotten to ponder the error term emerging from the manipulation of
the spectral decomposition of the characteristic function of a set A0q. Notice that A
0
q is changing with q, so
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that such an error term depends on q. We are much indebted to Matthew Young and Jiakun Pan for their
bringing those slips to our attention. As a proper generalization of [Koy09], Jiakun Pan studied Eisenstein
series with general nebentypus characters and general levels and succeeded in getting around the issues briefly
described above. Apparently his strategy relies upon the generalization of Zagier’s method of regularization
to Eisenstein series on general levels; Zagier developed a formula for integrals of double and triple products
of Eisenstein series on the level 1 case.
In order to circumvent many difficulties, it is conceivable to replace our chief concern with a softer object.
Fortunately, the method we used works fine if instead of taking the thin sets of the form Aq, we select a
set A1 that is not dependent on q. Fix a nice test function φ on SL2(Z) and ι = ιq to denote a map which
satisfies piq ◦ ι = id for each q (specifically, we have ιz ∈ Y0(q) for z ∈ Y0(1)). We thus consider the following
“unbalanced” inner product against Eisenstein series on Γ0(q)\H,
〈|E|2, φ〉1 =
∫
Y0(1)
φ(z)|Eq,κ(q)(ιz, 1/2 + it)|2
dxdy
y2
, (0.2)
although the work of Jiakun Pan is concerned with 〈|E|2, φ〉q for more general Eisenstein series like E =
E
(q)
∞ (z, s, χ). We then spectrally decompose φ in (0.2) into cusp forms and incomplete Eisenstein series.
The Luo-Sarnak approach proceeds by showing asymptotic formulæ for the contributions of Maaß forms and
incomplete Eisenstein series. Through working with (0.2), there are no forms of level q that enter after the
application of the spectral decomposition, so that one could adapt the Luo-Sarnak method to address (0.2).
Actually, there is a technical difficulty in analyzing the integral handled in [Koy09] in the level aspect by
our using only the spectral decomposition and Parseval’s formula, since the Eisenstein series (absolute value
squared) grows too fast at the cusp. As we gave heed before, it is adequate to think that renormalized
integrals (such as in Michel and Venkatesh [MV10] using the language of representation theory) would be
the most useful implement to sidestep the difficulty.
We also point out several problematic errors. However, the following corrections are meant for the orig-
inal paper [Koy09] to have a mostly self-contained exposition, while they should be along with additional
modifications when we consider (0.2). First of all, throughout the paper the factor ns−1 should be |n|s−1 for
n ∈ Z. Furthermore, the condition on both sums in (2.3) and (2.4) should be recasted as c ∈ C(κ, κ′) for a
pair of cusps κ, κ′, where
C(κ, κ′) =
{
γ > 0 :
(∗ ∗
γ ∗
)
∈ σ−1κ Γ0(q)σκ′
}
.
is the set of allowed moduli. By virtue of this, the change of variables c = γ
√
q on p.1138 can clearly be
justified. On p.1139, the definition of the Fourier coefficients ρj(n) should be replaced with
ρj(n) =
{
q1/2τj(n/q) if q | n,
0 otherwise.
and this propagates typos throughout the later parts of the paper when we treat the oldforms of level 1
slashed by q. In particular, the assertion (2) in Lemma 2.4 is wrong and should be reformed to the shape
that includes the extra q1/2:
Lemma 2.4 (2). When uj is an oldform for Γ0(q) and expressed by uj(z) = vj(qz) with vj a cusp form for
SL2(Z), we have
∞∑
n=1
ρj(n)σν(n)
ns
= τj(1)q
1/2−s 1 + q
ν − τ˜j(q)qν−s
1− qν−2s
L(s, vj)L(s− ν, vj)
ζ(2s− ν)
and
∞∑
n=1
ρj(n)σν(nq
−α)
ns
= τj(1)q
1/2−s(1 + qν)
1− τ˜j(q)qν−s
1− qν−2s
L(s, vj)L(s− ν, vj)
ζ(2s− ν) .
Here we simplified the complicated numerator in (2.13) as well. The proof of this claim is always with the
additional factor of q1/2. In view of this correction, it is better to incorporate Lemma 2.6 with Lemma 2.5
to conclude the calculation of the contribution from cusp forms, because the proof of Lemma 2.5 includes
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incorrect statements (and that of Lemma 2.6 is back-of-the-envelope). For instance, on p.1143, the second-
to-last line in the fourth display should be modified into
ρj(1)|L(s+ it, uj)|2
ζˆ(1 + 2it)ζ(2s)(1− q−2s)
(
1− 1− ρ˜j(q)q
−s−it
1− q−1−2it
)
=
ρj(1)|L(s+ it, uj)|2
ζˆ(1 + 2it)ζ(2s)(1− q−2s)
(
1− (1− ρ˜j(q)q−s−it)(1 + q−1−2it + · · · )
)
≪ ρj(q)q
−s−it
1− q−2s
|L(s+ it, uj)|2
ζˆ(1 + 2it)ζ(2s)
≪ q 6ϑ5 − 110+ǫ ≪ q 132+ǫ,
where we exploited the bound in the recent work of Blomer, Humphries, Khan and Milinovich: L(1/2, uj)≪
q1/5+ϑ/15+ǫ for uj ∈ B∗(q) with B∗(q) being an orthonormal basis of Hecke-Maaß newforms of level q having
spectral parameter tj . We denote by ϑ ∈ [0, 7/64] an admissible exponent towards the Ramanujan-Petersson
conjecture and note that the appearance of ϑ also stems from the Fourier coefficients ρj(q). Even if an
optimal amplifier would yield the stronger bound L(1/2, uj) ≪ǫ q 14− 1−2ϑ16 +ǫ of Burgess quality (that makes
the limit of current technology), we cannot obtain any error term to be smaller than the main term in our
QUE problem, unless we assume a slight improvement on the Ramanujan-Petersson conjecture. This error is
irretrievable, nonetheless our dealing with the level aspect QUE problem in the shape (0.2) will be attended
with no difficulties.
On the other hand, the full part of the last big display (2.15) on p.1143 is also mistaken. In order to rectify
it, we use the recasted form of Lemma 2.4 described above, obtaining the following plausible estimate:
(2.15) =
1
ζˆ(1 + 2it)
( ∞∑
n=1
ρj(n)σ−2it(n)
ns−it
− 1
1− q−1−2it
∞∑
n=1
ρj(n)σ−2it(nq
−α)
ns−it
)
= τj(1)
q1/2+it−s
1− q−2s
L(s+ it, vj)L(s− it, vj)
ζ(2s)ζˆ(1 + 2it)
×
(
1 + q−2it − τ˜j(q)q−s−it − (1 + q−2it)(1 − τ˜j(q)q−s−it)(1 + q−1−2it + · · · )
)
= τj(q)
q1/2−2(s+it)
1− q−2s
L(s+ it, vj)L(s− it, vj)
ζ(2s)ζˆ(1 + 2it)
+ (lower order terms)
≪ qϑ−1/2.
Hence, the contribution of the oldforms would not cause any problem in analyzing the integral Ij(q, s). In
any case our method of asymptotic evaluation for the inner product against incomplete Eisenstein series
cannot work as long as we do not substitute A1 for the thin sets Aq. So, it seems difficult to constructively
approximate the projection of φ onto E(Y0(q)) in terms of incomplete Eisenstein series, where E(Γ\H) is the
orthogonal complement of the span of the Maass forms C(Γ\H). In passing, the calculation of the contribution
from incomplete Eisenstein series should also be significantly corrected, namely the factor 24 in the first term
in Proposition 1.5 is incorrect. This error stems form a mis-calculation of a Dirichlet series counted with
divisor functions, and a certain integral involving K-Bessel functions.
Although the work [Koy09] sticks to the GL(2) unitary Eisenstein series, it is also interesting to speculate
what happens if we change the subject to higher ranks, such as to the GL(n) continuous spectrum spanned by
the degenerate Eisenstein series induced from the maximal parabolic subgroup. Quite recently, Zhang [Zha19]
studied an analogue of Luo and Sarnak’s result in such direction, however QUE for higher rank non-degenerate
Eisenstein series is much more difficult problem as it is closely related to the shifted convolution problem with
generalized divisor functions and Fourier coefficients of higher rank Maass cusp forms. This way, it would
also be possible to consider various versions of [Koy09] based solely on classical ideas of Luo and Sarnak. For
example, the authors [KK19] recently succeeded in showing equidistribution results for Eisenstein series in
the level aspect over function fields. In the case of the function field analogue, fundamental domains turn into
Ramanujan graphs of the general form Γ\PGL2(F )/K with F a local non-archimedean field, K a maximal
compact subgroup and Γ a lattice in PGL2(F ). The setting we are interested in is the homogeneous space
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G/K, where G = PGL2(k∞) and K = PGL2(r∞) with k∞ = Fq((1/t)) the field of Laurent formal power
series in the uniformizer 1/t over Fq and r∞ the ring of local integers Fq[[1/t]], respectively. Notice that K is
a maximal compact subgroup of G. Then the number of the discrete spectrum of the adjacency operator on
L2(Γ\F) is known to be finite, where F is a (q + 1)-regular tree. But from the viewpoint of the level aspect
QUE problem, one can consider the Hecke congruence subgroup of the form Γ0(A) as degA tends to infinity.
The explicit forms of theorems in our work will be announced soon.
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